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Abstract: Recently, Johansson and Ochirov conjectured the form of a new colour decom¬ 
position for QCD tree-level amplitudes. This note provides a proof of that conjecture. The 
proof is based on ‘Mario World’ Feynman diagrams, which exhibit the hierarchical Dyck 
structure previously found to be very useful when dealing with multi-quark amplitudes. 
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1 Introduction and discussion 


A colour decomposition of a gauge theory scattering amplitude, A, takes the schematic 
form 


A = ( 1 . 1 ) 

i 

where Ai are kinematic primitive amplitudes and Ci are colour factors. Let An^k be ^ 
tree-level QCD^ amplitude with k quark-antiquark pairs and n — 2k gluons. A colour 
decomposition for all-gluon trees is [1] 

A,o= ^ (1.2) 

O'GSn — 2 

where are the structure constants. The primitives, A(l,cr, n), are gauge invariant, 
and have a fixed cyclic order of external legs, to which the permutation a corresponds. 

Eq. (1.2) is an example of what I will refer to as a proper colour decomposition in that no 

further group theory induced relations, known as the Kleiss-Kuijf (KK) relations [4], exist 
between the primitives used in the colour decomposition. That is, eq. (1.1) is a proper 
colour decomposition when the sum is over a minimal set of KK-independent primitive 
amplitudes; in the case of gluon trees, this set is of size (n — 2)!. Colour decompositions are 
not necessarily proper (the well-known trace-baced decomposition for gluons [2, 3] is not), 
but can always be made so through application of the KK relations to re-express primitives 
in terms of those in a chosen KK-independent basis. A proper colour decomposition for 
amplitudes with one quark-antiquark pair is [5], 

A,i = {(?|r'^K..r""-2|(?}A((?,(T,g), (1.3) 

crGSn — 2 

where T“ are matrices in the fundamental representation of SU{3), = (T“)T in 

more conventional notation, and again the basis of primitives is of size (n — 2)!. 

When more quark lines are present, the concept of defining a primitive amplitude by 
demanding a cyclic ordering of external legs a priori was first considered in [6] . The papers 
[7, 8] explored the basic properties of the general QCD primitive tree with k quark-antiquark 
pairs and n — 2k gluons. In particular, it was shown how matter and flavour modify the 
group-theoretic relations between the primitives by introducing additional structure based 
around Dyck words. When all k quark pairs have distinct flavours, a KK-independent basis 
of primitives is of size (n — 2)1/k\. 

Proper colour decompositions for amplitudes with two and three quark lines were pre¬ 
viously presented in the proceedings [9]. Recently, Johansson and Ochirov (JO) used the 
Dyck basis to make a conjecture as to the form of a proper colour decomposition for a gen¬ 
eral QCD tree [10]. Given the relative complexity of the expressions obtained via known 

^In this note I will use the language of QCD—gluons and quarks—but gluon can be taken to mean the 
gauge field associated with any Lie group, and quark can be taken to mean matter transforming in any 
representation of the group. 
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methods of constructing QCD colour decompositions for specific cases [11-14]^, the JO 
conjecture is quite remarkable. This note is a proof of this conjecture. 

The proof I will present is diagrammatic; it is based ultimately on Feynman diagrams. 
This highlights the fact that the decomposition is gauge group and matter representation 
independent, as the primitive colour factors are directly related to Feynman diagram colour 
factors. A particular class of Feynman diagrams—the ‘Mario Worlds’—turn out to be very 
useful for the proof. 

The ‘Mario World’ diagrams display the Dyck structure uncovered in [7, 8], which 
has also been important in understanding further properties of general QCD primitives: 
very recently they have been shown to obey Bern-Carrasco-Johansson relations [10, 15-17] 
and to have a Cachazo-He-Yuang representation [18]. I expect the ‘Mario World’ diagram 
construction to be useful for any diagrammatic study of general colour decompositions 
beyond tree level, although an understanding of the one-loop QCD primitive basis is still 
currently lacking. 

The remainder (section 2) of this note is the proof of the JO conjectured colour decom¬ 
position, which is stated in eq. (2.3). 

2 Proof of the new colour decomposition for QCD trees 

The outline of the proof is as follows. In section 2.1 I present the JO conjecture. In 
section 2.2 I show that the colour factors C satisfy a recursion relation which will form the 
basis of a proof by induction. In section 2.3, I describe the set-up of a system of linear 
equations which relates primitive colour factors to Feynman diagram colour factors. In 
section 2.4 I introduce ‘Mario World’ Feynman diagrams, and the linear system of equations 
they belong to. In section 2.5 I use this system to show that the recursion relation in 
section 2.2 is satisfied. 

2.1 The JO conjecture 

The conjectured colour decomposition is for n-point tree-level QCD amplitudes with k 
distinct flavour, possibly massive, quark-antiquark pairs and n — 2k gluons. The basis 
taken for the kinematic, primitive amplitudes is that of [7, 8] based around Dyck words. A 
Dyck word of length 2k can be defined as a composition of k pairs of parentheses ‘(’ and 
‘)’, such that they are closed correctly. Identified pairs of parentheses are those which close 
with each other. The level of an identified pair is the level of nestedness they reside at.^ 
The set of primitive amplitudes for the basis is written as 

{A(l,cj,T) I (TGDyckfc_J, (2.1) 

where Dyckfc_i means all possible permutations of quark and gluon labels where the quark- 
antiquark (unbarred and barred labels, respectively) flavour pairs form an identified pair 

^ These methods do not in general yield a proper colour decomposition; they may contain primitives 
which are zero, and redundancy relations between primitives may remain. 

®i.e. the number of ‘(’ minus the number of “)’ to the left of the opening parenthesis of the pair. 
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of parentheses in a Dyck word, with the qnark label being the opening parenthesis.^ For 
example, for n = 6, /c = 3, we have Dyckfc_i = {2332,3223,2233,3322}; for n = 7, /c = 3, 
we have Dyckfc_i = {^2332, 2g'332, 23g32, 233g2, 2332g ,...}, where g is the glnon label, and 
where stands for glnon insertions aronnd the three other Dyck words. 

As the basis (2.1) was shown in [7, 8] to consist of independent primitives nnder KK 
relations, then 

An,k= Y. ( 2 . 2 ) 

o-eDyckj,_i 

is a proper colonr decomposition. The JO conjectnre is that the colour factor has a direct 
relationship with the permutation a (there is a slight difference in convention between the 
basis chosen in [10] and that in this note): 




V "“3 

g-S'kl 


(2.3) 


The above notation means the following. To build up the colour factor, one reads the 
permutation a from left to right. Whenever a quark label is encountered, add to the colour 
factor the combination {q\T^ ® where 




Ei 


S 


(8)...(8)1(8)T''(8)1(8)...(8) 


•v* 

I 


(2.4) 


and I is the level of nestedness of the quark q in the Dyck word. Whenever a gluon is 
encountered, add to the colour factor S*®, where I is the level of nestedness of the gluon. 
Whenever an antiquark label is encountered, add to the colour factor |g}. The tensors in 
the tensor product in eq. (2.4) act on quark lines at different levels; the leftmost tensor at 
level I — 1, and the rightmost at level 0. Johansson and Ochirov represent the operator H 
diagrammatically 



This diagrammatic notation extends to provide a useful shorthand for the entire colour 
factor—see fig. 1 for two examples. The number of terms that result from expanding out 
the sum in the H operators is Oij rig Ig, where q runs over all quark pairs other than 

^Whether to assign quark or antiquark to the opening parenthesis can be decided independently for each 
flavour pair in each Dyck word, which was a main result of [7, 8]. The orientation of the quark lines chosen 
in this paper is the convention of [8]. 
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Figure 1. Johansson and Ochirov’s diagrammatic notation for primitive colour factors. The colour 
factor on the left consists of four terms upon expanding out the S operators (see text for explicit 
expressions). The one on the right consists of twelve such terms. 


flavour pair 1, with li being the level of the quark pair; g runs over all gluons, with Ig being 
the level of the gluon. As an example, the colour factor on the left in fig. 1 has four terms 
when expanded in this way: 

{l|r“|l}{2|T“r''r^|2}{3|T''|3}{4|r‘=|4} {l|T“r'^|l}{2|T“r^|2}{3|T^|3}{4|r'=|4} 

{i|r'^r'’|i}{2|r“r^|2}{3|r^|3}{4|T‘=|4} {i|r“r^r^|i}{2|r“|2}{3|r^|3}{4|r'=|4}. 


I end this subsection with two further points. Firstly, I define a quantity that will 
play an important role in the following: the sum over the levels of all quarks and gluons, 
hot = Y2i=q g h- This will serve as a hierarchical parameter to set up a recursion. 

Secondly, note for the purpose of discerning the colour decomposition, gluons can be 
considered as just a special case of a quark line: one that always appears with consecutive 
quark-antiquark labels (z.e. no further quark lines nest above it). For example, the quark 
lines labelled 3 and 4 on the left diagram in fig. 1 could represent gluons with a replacement 
of the colour factor {3|T“|3} —)■ and {4|T“|4} —(5““94 (an interpretation of the gqq 

vertex as a gluon polarisation vector is required in the accompanying kinematic part). For 
the diagram on the right of fig. 1, only the quark line labelled 4 could represent a gluon. 
It is sufficient to prove the colour decomposition eq. (2.3) for the all-quark case, with the 
understanding that such replacements can be made to recover the case with gluons. 


2.2 Recursion relation 

The colour factors defined above satisfy a recursion relation. I define a leading quark line 
as a quark line a at a level la > 1 that appears in the permutation as a = (... a, a, 6...), 
where b is another quark line at level /q ~ 1 >0. There is always one such quark line except 
in the case where all quark lines are at level 1 = 1. Quark line 4 is a leading quark line in 
both diagrams in fig. 1. 

The recursion follows from eqs. (2.4), (2.5), splitting up the last term (where the gluon 
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Figure 2. Diagrammatic representation of the recursion relation, eq. (2.6), for primitive colour 
factors. 

connects to the quark line of highest level —s = I in eq. (2.4)), and the rest of the terms: 

{l|...{6|...{a|r^®HFJa}|6}...|l} 

= {l|...{6|...{a|T^|a}n6}...|l} + {1\... {b\ .. .\b}{a\T<^ .. .\1} (2.6) 

= {l|...{6|...|a6}...|l} + {l\...{b\...\b}{a\T^0El_,\a}...\l}, (2.7) 

which in terms of primitive colour factors is, 

C-t=C-,+Ct-. (2.8) 

The recursion is diagrammatically represented in hg. 2. 

The hrst term on the rhs of eqs. (2.7), (2.8) is written in such a way to emphasise that 
this is a colour factor for an amplitude where quark line a has been removed, but where the 
colour factor associated with the antiquark b is substituted with a ‘colour polarisation’ to 
include the quark line a’s colour factor i.e. \b} —)• {a|r‘^|a}T'’|6} = \ab}. (In the colour factor 
label, the three labels aab become one label, ab.) In the kinematic part, the polarisation 
of the antiquark b is suitably modihed to incorporate the effect of quark line a. Both terms 
on the rhs of eq. (2.8) now have lower Itot- the hrst term has Itot — la as quark line a has 
been removed; the second term has /tot — 1 as the quark line a is now nested at one level 
lower. This recursion relation allows for a proof by induction using /tot- 

2.3 Feynman diagram system 

Now I set up a system of linear equations relating primitive colour factors to Feynman 
diagram colour factors. I write the amplitude in two ways: as a sum over Feynman diagrams, 
where I separate out the colour part Cj from the kinematic part Dj (both given by standard 
Feynman rules) of the diagram, and as a sum over primitive amplitudes Ai multiplied by 
their colour factors Ci, 

A = Cj Dj = Ci Ai. (2-9) 

j * 

The primitive amplitudes can be written in terms of the individual kinematic parts Dj 
modulo the colour-ordered Feynman rules: Ai = MjiDj, where Mji is ±1 if the diagram 
contributes to the primitive (the sign depends on the relative ordering of the legs at each 
vertex in the diagram—exchanging two legs induces a negative sign under the colour-ordered 
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rules), or else 0. This implies the following relation between the primitive colour factors 
and the Feynman colour factors, 


Cj = Y,MjiCi. ( 2 . 10 ) 

i 

Knowing the Feynman colour factors, Cj and the rectangular matrix Mji, one can pseudo¬ 
invert the system to obtain the primitive colour factors, Ci. (This system, of course, depends 
on the choice of primitive basis.) It is useful to rewrite eq. (2.10) in the form 

C, = ^ (-l)"a, (2.11) 

creflipSj 


where {flipSj} are all permutations in the basis corresponding to possible ways of drawing 
the Feynman diagram associated with Cj in a planar fashion. For an n = 4, A: = 1 example, 
the four planar drawings corresponding to all possible flips of the two vertices for the 
diagram qq ^ g ^ gig 2 are. 


9i 

q 



92' 




9i 




where the relative signs of the permutation are (-I-, —, —, -|-). However, if the chosen basis 
for the primitives was A{q,a,q), then only the hrst two diagrams correspond to permuta¬ 
tions within the basis. In this case then {flips} = {qgig 2 q, qg 2 giq}, and eq. (2.11) reads 
Cqq^g^g^g^ = Cgg-^^g^g — Cgg^g-^q. Ill the followlng we wlll onty encounter diagrams with 
trivalent vertices, and so the number of possible flips is (although, in general, and 

as in the example above, not all flips will correspond to permutations within the chosen 
basis). 

As an example, let us see how this works for an amplitude with one quark line and n — 2 
gluons. Here we can take as a basis the (n — 2)! primitives of the form A{q, ai,..., (7^-2, q), 
where a gives the permutation of the {n — 2) gluon labels. It turns out that there is a subset 
of Feynman diagrams which are particularly useful for our purpose of inverting the system 
of equations in eq. (2.10); these are ‘comb’ diagrams which have all the gluons individually 
attached to the quark line: 


9(71 9(72 9(73 9(74 9(7n-2 



Each of these Feynman diagrams only contributes to one primitive amplitude—a flip of 
any vertex in the comb gives a planar diagram which does not contribute to a primitive 
in the chosen basis. (In [9] I termed such a diagram a unique Feynman diagram, or UFD; 
with a careful choice of basis, UFDs can be found for all four quark, and most six quark 
amplitudes.) Note that this argument relies on the fact that it is only the colour factors of 
primitives to which the Feynman diagram contributes that appear on the rhs of eq. (2.11). 
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Figure 3. Example ‘Mario World’ diagrams. 


Writing out the matrices in eq. (2.10) explicitly, we have found a subset of Feynman di¬ 
agrams where the relation between primitive colour factor and Feynman diagram colour 
factor is trivial: 


/ 




^comb 

/^comb 

^2 


^comb 

h^-2)!. 


V / 


/ \ 


1 0 0 . . 0 


/ Cl \ 

0 1 0 . . 0 


C2 

0 0 1 



. 0 



0 0 . . 0 1 


s 

1 

to 


V / 


( 2 . 12 ) 


The primitive colour factor is exactly the Feynman diagram colour factor of the correspond¬ 
ing comb UFD— {q\T^^ ...T°'"“ 2 |g|—which reproduces the known colour decomposition 
eq. (1.3). An identical argument with the quark line in the comb replaced by a gluon line 
reproduces eq. (1.2) for gluon trees. 


2.4 ‘Mario World’ diagrams 

‘Mario World’ (MW) diagrams are a multi-quark generalisation of the comb diagrams above. 
There is a one-to-one correspondence between a MW diagram and a permutation cr in the 
basis (2.1), obtained as follows. Only retain the s = I term in all of the operators in 
the colour factor i.e. the contribution where the gluon attaches to the highest level 

quark line; the Feynman diagram which has this colour factor is the MW Feynman diagram 
corresponding to the permutation a. Examples are shown in fig. 3 and are drawn with the 
planar, cyclic ordering a that contributes to the corresponding primitive. 

Are the MW diagrams UFDs? Some of them are: the subset which have all quark lines 
at level I = 1 i.e. 


(2.13) 


are unique to the primitives A{1, a,a,b,b,... , c, c, 1), so we have = ^i,a,a,b,b,..,c,c,T’ 

in agreement with the JO conjecture, eq. (2.3). Note that while the flips of the vertices 
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between quark line 1 and the gluons clearly take the primitive out of the basis ( 2 . 1 ), so do 
the g aa, gbb ... gcc flips, as they change the quark line orientation from the one chosen 
in ( 2 . 1 ). 

If, however, a quark line nests at level / > 1, then the vertex where the gluon connects 
it to the quark line at one lower level can be flipped and the diagram contribute to a 
primitive in the basis. For example, for the second MW diagram of fig. 3, there are four 
such permutations in the set {flip}. 


4 

3 

2 I , 

1 I , 

1234432T 


2 

1 . 

1233442T 


4 

3 


12234431 





with relative sign (+, —, —, -t-). (The first diagram of fig. 3 yields sixteen valid flip permu¬ 
tations.) A crucial observation is that all permutations in {flips} other than the one in 
correspondence with the MW diagram have a lower value of ^ot- This means that if we 
order the labelling of the Ci and the corresponding such that as i increases, /tot does 

not decrease, then eq. ( 2 . 10 ) has the form 

( \ ( \ 


qMW 


C^w 


nMW 

^ln-2)\/k\ 


1 0 0 0 ... 0 
1 0 0 ... 0 
1 0 


/ Cl \ 

C2 


0 

1 


V C(„_2)!/fc! / 


V / V / 


(2.14) 


and one can obtain a colour factor Ci in terms of its corresponding MW colour factor 
and colour factors of primitives with lower /tot- To complete the proof, we show that the 
colour factor Ci is given by eq. (2.8), and thus is of the form eq. (2.3). 


2.5 Recovering eq. (2.8) with MW diagrams 

In the previous section, I showed that all the primitives with a unique MW diagram have 
colour factors ocT "'^^ich are given by eq. (2.3). Let us now assume that all 

primitive colour factors which have /tot < 9 — 1 are given by eq. (2.3). We aim to show that 
a colour factor with /tot = ^ is also given by eq. (2.3). 

Let C^q be a colour factor with /tot = Q, and which has a leading quark line a, appearing 
in fjq as ..aab.. (if there is no leading quark line a then we are done, as this is a primitive of 
the form ^ ^ 5 c c t) ■ Denote the Feynman diagram colour factor of the corresponding 
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MW diagram . The relation between the and primitive colour factors is given 

by a sum over flip permutations, as described in the previous subsection, and via eq. (2.11), 


CMW ^ ( 2 . 15 ) 

p G flips 

Let us separate out two of the terms in this sum: the permutation cjq, and the permutation 
reached from aq by a single flip of the vertex gbb attaching the leading quark line a to the 
quark line b one level down—denote this permutation (Tq\baa. I call the remaining set of 
permutations {flips'}. This set can be further split up into two depending on whether the 
vertex gbb is flipped or not: denote these sets {flips'|6aa} and {flips'|aa5}, respectively. As 
emphasised in the previous subsection, the primitive colour factors of all permutations other 
than aq have 4ot < Q and so are, by assumption, known through eq. (2.3), and therefore 
satisfy eq. (2.8). We find. 


^MW 


p£ Hips'\aab pG Hips'\baa 

+ E 

p G fiips^|a6 

^ _ _i_ ^ _ 

^9 ^<jq\baa ' '^crq\ab * 


(2.16) 

(2.17) 

(2.18) 


In the second equality above, I have grouped the colour factors with permutations given by 
{flips'} into pairs — Ci]^aa used eq. (2.8) to rewrite this as a colour factor with 

a single particle ah] the final equality follows from applying eq. (2.11) to the MW colour 
factor but treating aah as a single particle ab. Rearranging eq. (2.18), we find 




i-s + C* 

q\ab (Tq 


\baa ' 


(2.19) 


that is, that the primitive colour factor is given by the recursion relation eq. (2.8). (In the 
case where {flips} has only two members—when the leading quark line a is at level I = 2 
and all other quark lines are at level I = 1—we find |^.) This completes the 

proof. 
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